Digital image inpainting technique has been widely used in many socioeconomic areas and methods based on partial differential equations (PDE) attract intensive research in the hope of an automatic inpainting methodology. However the methods based on PDE are very timeconsuming because they need to be solved by numerical integration along the temporal axis. In this paper, a fast convergent image inpainting method is proposed by combining Richardson extrapolation with an improved BSCB inpainting model, which improves the convergence rate of the numerical iterations. Experimental results show that the new model is effective and efficient.
INTRODUCTION
Digital image inpainting technique has been widely used in photo restoration (e.g. scratch or crease removal), removal of objects in images, the handling of historical texts and images, etc. It is based on computer intelligence and mathematical models and does not require to interact with users. This technology restores an original image by filling the missing information in the degraded region according to the information surrounding the region and the resulting image of restoration should fit the perception of human vision.
Image inpainting technology using partial differential equation (PDE) methods was proposed in early 1990s and has become an intensive research *Corresponding author. This work was partially supported by NSFC under Grant No. 10771036 and partially supported by Program for New Century Excellent Talents in Fujian Province, China, under Grant No. SX2006-40. topic over the last decade. At present three types of PDE based models are commonly used: the BSCB model, the total variation (TV) based models and the curvature-driven diffusion (CDD) models. The BSCB model [1, 2] was proposed by Bertalmio et al and named after the initial alphabets of the names of the four authors. The model propagates information smoothly from the surrounding areas along the isophote directions to the degraded region according to the way artists restore damaged artwork manually. A TV based model proposed by Chan and Shen [3] extends the classical TV denoising model of Rudin-Osher-Fatemi [4] and inpaints the degraded region according to variational principles and image priori information. In order to follow the connectivity principle of human visual perception, Chan and Shen introduced a CDD based model [5] , where the authors modified the conductivity coefficient of the TV based model to make diffusion stronger wherever the isophotes have larger curvatures, while it dies away as the isophots stretch out. With this modification, the CDD based model overcomes the disadvantages of TV-based models in completing a whole object for a large aspect ratio.
Some other hybrid methods are proposed to improve the inpainting effects. For examples, Barcelos and Batista [6] gave a method which can restore missing information and remove noise simultaneously. In this method the degraded area and the noisy area are processed with two different diffusion equations respectively. Bertalmio [7, 8] combined the interpolation formulation for the values of pixels with the application of Taylor series, and proposed a third-order optimal PDE model, which can ensure continuation of level lines. Masnou and Morel [9, 10] proposed a variational formulation for the recovery of the missing parts of grey scale images.
It should be noted that all PDE based image inpainting methods need to be solved by numerical integration along the temporal axis which is timeconsuming. In general the larger the degraded image, the larger the area needs to be repaired, and the higher the order of the PDE equations, the longer the running time. This computational requirement makes inpainting methods based on PDE impractical for industry. In this paper a Richardson extrapolation is introduced to speed up the convergence process; and the conductivity coefficient in the PDE adopts functions of curvature which makes diffusion stronger where the isophotes have larger curvatures. Combining these two improvements with the BSCB model, a fast convergence image inpainting method is proposed in this paper. Numerical results show that in the new method, the inpainting process arrives at a stable stage rapidly and the quality of inpainted images is improved. This paper is organized as follows. First, the BSCB model is introduced. Second, the Richardson extrapolation is used in partial derivatives of functions of two variables leading to a fast convergence format. Third, the extrapolation is combined with an improved BSCB model follows with a detailed description of the numerical schemes for the new algorithm. Finally, experimental results and conclusions are given.
THE BSCB MODEL
A digital image can be considered as a two-dimensional discrete function I(i,j),
of the domain D. When artists restore damaged artwork manually, usually they first seek the isophotoes lines in the surrounding area of a degraded region and extend the isophotoes lines to the degraded region. The BSCB model [1, 2] is proposed to simulate this idea in digital image inpainting. The model can be described as below: (1) where I is the image at time t; represents the isophotes direction; δL is a measure of the change of certain information L being propagated along the isophotoes direction.
In practice, L is defined by Laplacian operator ∆I and δL is measured by ∇(∆I); the isophotes direction is defined as 90 degrees rotation of the gradient as depicted in Figure 1 . Equation (1) can be rewritten as (2) where denotes the unit vector in the isophotoes direction.
In Figure 1 , Ω represents the region to be inpainted, C represents the isophotes direction (the directions of tangents), the vector is along the
directions of the gradient and the vector is along the directions of the isophotes which is orthogonal to .
The numerical scheme of the above evolution equation is described here in detail. The numerical iteration form of eqn (2) can be written as (3) where the superscript n denotes the iteration number, ∆t is the pseudo-time step of iterations, I n (i,j) is the resulting image after n iterations and is the unit vector at the pixel (i,j) along the isophotoes direction of image I n (i,j).
Usually some anisotropic diffusion is used to prevent the crossing of the isophotes after the inpainting iteration has been performed several times.
RICHARDSON EXTRAPOLATION IN PARTIAL DERIVATIVES OF FUNCTIONS
OF TWO VARIABLES The formulae of the first step in Richardson extrapolation in partial derivatives of two-dimensional functions may be extended from the one-dimensional case [13] . Suppose f(x,y) is a two-dimensional function. The Taylor series expansion [14, 15] of f(x,y) at (x 0 ,y 0 ) is given by where is the error term.
It can be easily shown that when , [14] . Substitute (x 0 ,y 0 ) with (x,y) and let k = 0, one obtains
Substract eqn (5) from eqn (4), one obtains and rearrange to obtain (6) Eqn (6) has the form (7) where L x stands for f x (x,y), ϕ(h) stands for the central difference of the first order partial derivative at the direction x of f(x,y), i.e.
where h > 0. When h → 0 the approximation of L x can be achieved. For each h > 0, the error is given by the term a 2 h 2 + a 4 h 4 + O(h 5 ). Assuming a 2 ≠ 0, the first term, a 2 h 2 , is greater than the others when h is sufficiently small, so the error of (6) is O(h 2 ). If h is replaced by h/2 in eqn (7), one obtains the equation
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Further algebra leads to
Let (10) Eqn (10) Similarly the formulae of the first step in Richardson extrapolation in the first order partial derivative at the direction y can be expressed as following:
A FAST CONVERGENT METHOD BASED ON THE BSCB MODEL 4.1. An improved BSCB model
The curvature is an important geometric feature of the isophotes. It would have a better effect in the inpainting of a degraded region if diffusion becomes stronger where the isophotes have larger curvatures and vice versa [5] . The idea can be achieved by choosing proper functions of curvature as the conductivity coefficient in eqn (2), such as |ι| p , (p ≥ 1) [5] where is the curvature. However, when the value of |ι| is near 0, large p would make |ι| p approximate to 0 which leads no diffusion after numerical computation. This situation should be avoided. In this paper, the conductivity coefficient is chosen as , and the BSCB model can be modified as (12) The anisotropic diffusion used for preventing the crossing of the isophotes keeps the same as the BSCB model [1] :
A fast convergent algorithm
In this paper, the following discrete forms of the formulae of the first step in Richardson extrapolation are used to substitute the central differences:
As for the backward and forward differences, the general forms are used. The term in eqn (12) is the unit vector along the isophotes and may be computed using the following discrete format (15) where c,b,f is denoted as central, backward and forward differences at the directions of x,y respectively. The denominators in is computed as to ensure the norm of as minimum as possible. In this way, the changes of the directions of the isophotes can be slowered in the course of transferring information into the inpainting domain. Thus the surrounding information of the inpainting domain can be propagated along the directions of the isophotes more precisely. The other terms of eqn (12) and eqn (13) are computed as below: (16) where the differences are computed using the general form. 
EXPERIMENTAL RESULTS
In this paper two tests were designed to compare the experiment results of BSCB model and the proposed model in this paper. The first test was designed to compare inpainting qualities and the second to compare the convergence speeds. 8-bit grey images were used in these tests. There were three images involved in the first test, which are shown in Figure 2 to Figure 4 , and the image in the second test is shown in Figure 5 .
The pseudo-time step ∆t in eqns (12) and (13) were both taken as 0.1. Symbols A and B denote the number of iterations of eqn (12) and eqn (13) Figure 3 shows the result of filling in the scratch of a scenery image. After processed by the new model, a perfect image is presented. Figure 4 shows the removal of the text on a panda image. The main part of the panda and the bamboo leaves are covered by the text, the result of inpainting is very good. Particularly, the details of the bamboo leaves are preserved very well.
Test 2. This test is designed to compare the convergence speed of two models using the image shown in Figure 5 with the size of 229 × 227.
The convergence speed of two inpainting methods can be analyzed in detail.
In Figure 5 (b), the number of the pixels n in the region to be inpainted Ω is 773.
The error check used in the convergence test is , where I n (x,y), I n+1 (x,y) are the intensities of the same pixel (x,y) in Ω after n iterations and n + 1 iterations respectively. The changes of e become smaller as the number of iterations increases indicating that the degree of convergence becomes higher. Table 1 shows the iteration number N and running time t when e < 200 and e < 100 in two methods. Figure 5 (c) and (d) are the result images of the new model and BSCB model when e < 100. From the table above, compared with BSCB model, it is can be seen clearly that, to achieve the same convergence, the proposed model needs fewer iterations and shorter running time and the result is better. The results of experiments also show that, to reach e < 100, the BSCB model needs 1184 iterations and becomes unstable afterwards, while the new method needs only 287 iterations and is stable afterward. The reason is that the new method obtains the directions of the isophotes more accurately, completes the process of information propagation for the region to be inpainted with fewer iteration numbers and reduces time consumed greatly.
CONCLUSIONS
This paper proposes a fast convergent image inpainting method which applies a Richardson extrapolation to the BSCB model in order to speed up the convergence of numerical iterations and uses curvatures as a parameter of the conductivity coefficient. The proposed method is a good application of combining methods of image inpainting with numerical techniques, providing a new way to improve image inpainting algorithms as well. Experimental results show that this new method is efficient and effective.
The aim of the proposed method is to address the problem of the timeconsuming nature of the BSCB model; this paper shows that the numerical approximation deduced by using Richardson extrapolation obviously can be applied to other PDE based image processing models for speed up convergence.
